Tidal interactions have a significant influence on the late dynamics of compact binary systems, which constitute the prime targets of the upcoming network of gravitational-wave detectors. We refine the theoretical description of tidal interactions (hitherto known only to the second postNewtonian level) by extending our recently developed analytic self-force formalism, for extreme mass-ratio binary systems, to the computation of several tidal invariants. Specifically, we compute, to linear order in the mass ratio and to the 7.5 th post-Newtonian order, the following tidal invariants: the square and the cube of the gravitoelectric quadrupolar tidal tensor, the square of the gravitomagnetic quadrupolar tidal tensor, and the square of the gravitoelectric octupolar tidal tensor. Our high-accuracy analytic results are compared to recent numerical self-force tidal data by Dolan et al. [1] , and, notably, provide an analytic understanding of the light ring asymptotic behavior found by them. We transcribe our kinematical tidal-invariant results in the more dynamically significant effective one-body description of the tidal interaction energy. By combining, in a synergetic manner, analytical and numerical results, we provide simple, accurate analytic representations of the global, strong-field behavior of the gravitoelectric quadrupolar tidal factor. A striking finding is that the linear-in-mass-ratio piece in the latter tidal factor changes sign in the strong-field domain, to become negative (while its previously known second post-Newtonian approximant was always positive). We, however, argue that this will be more than compensated by a probable fast growth, in the strong-field domain, of the nonlinear-in-mass-ratio contributions in the tidal factor.
I. INTRODUCTION
The current development of gravitational wave detectors gives a new motivation for improving our theoretical understanding of the general relativistic dynamics of compact binary systems, i.e., systems comprising black holes and/or neutron stars. Recent work has shown that tidal interactions have a significant influence on the late dynamics of coalescing neutron star binaries [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . It makes it urgent to refine the theoretical description of tidal effects in the strong-field regime reached in the last stages of the inspiralling phase of neutron star binaries.
In recent years, it has been understood that a useful strategy for studying the strong-field aspects of the dynamics of compact binaries is to combine, in a synergetic manner, information gathered from several different approximation methods, namely: the post-Newtonian (PN) formalism, the post-Minkowskian one, the gravitational self-force (SF) formalism, full numerical relativity simulations, and, the effective one-body (EOB) formalism. In particular, the EOB formalism [13] [14] [15] [16] appears to define a useful framework which can combine, in an efficient and accurate manner, information coming from all the other approximation schemes, while also adding genuinely new information coming from EOB theory. For recent examples of this synergetic use of EOB theory see Refs. [17] [18] [19] [20] [21] [22] [23] .
In the present paper, we shall refine the theoretical description of tidal interactions by combining, within EOB theory, three types of information: (i) the state-of-the-art PN knowledge of tidal interaction in comparable mass binary systems (which is limited to the 2PN level [24] ); (ii) the extension to tidal effects of a recently developed highaccuracy analytic description of extreme-mass-ratio binary systems to linear order in the mass ratio q = m 1 /m 2 [23, [25] [26] [27] ; and (iii) recent numerical self-force computations of some tidal invariants to linear order in q [1] .
An important aspect of the present work will be to transcribe the purely kinematic knowledge of some tidal invariants (expressed as functions of the dimensionless frequency parameter y = (Gm 2 Ω/c 3 ) 2/3 , where Ω is the orbital frequency) into the dynamical knowledge of the tidal interaction energy of binary systems. This will be done within the EOB formulation of tidal effects proposed by Damour and Nagar [28] . Up to now this formulation has been developed only through PN theory, and was limited to the fractional second post-Newtonian (2PN) level, i.e., at the level where one includes relativistic corrections of order (v/c) 4 to the Newtonian tidal binding energy [24] . [For previous, 1PN accurate, tidal computations see [28, 29] .]
Here, thanks to the technology developed in our previous papers [23, [25] [26] [27] , we shall be able to analytically compute several tidal invariants to a very high-order accuracy, namely 7.5PN, i.e. (v/c) 15 beyond the Newtonian level, but only to linear order in q. We shall then transcribe this kinematic information into a more dynamically useful form. More precisely, we shall compute to 7.5PN accuracy the relativistic factorsÂ that multiply the leading-order EOB de-scription of the tidal interaction energy in binary systems. As we shall see in detail later, the label l denotes the multipolarity of the considered interaction, while ǫ denotes its parity: + for even (or electric-like) parity, and − for odd (or magnetic-like) parity. Our main focus will be the two dominant tidal interactions: quadrupolarelectric (2 + ) and quadrupolar-magnetic (2 − ). Another important aspect of our synergetic study of tidal effects will be to compare our 7.5PN-accurate analytic results to the recent accurate numerical self-force results of Dolan et al. [1] on some tidal invariants. In addition, we shall combine our analytic PN and EOB knowledge with the accurate data of [1] to propose some simple, but numerically accurate, analytic representations of the EOB tidal relativistic factorsÂ l ǫ (u; X 1 ) valid in the strong field regime u ∼ O(1), relevant for describing the late stages of coalescing neutron star binaries. To guide the reader through our later developments, let us display here the notation we shall use for some important quantities throughout this paper.
The masses of the gravitationally interacting two bodies are m 1 and m 2 , with the convention that m 1 ≤ m 2 . We then define
[Beware of the fact that in the SF literature the letter M is often used to denote the large mass, i.e., m 2 in our notation, while the letter µ is often used to denote the small mass, i.e., m 1 in our notation.] Besides the symmetric mass ratio ν just defined, we shall also use the other dimensionless mass ratios
Note the links 3) and the fact that, in the small mass-ratio case q ≪ 1, we have ν ≃ X 1 ≃ q ≪ 1. [By contrast, X 2 ≡ m2 M ≡ 1 − X 1 is equivalent to 1 − q + O(q 2 ) in this limit.] We will evaluate all SF quantities on the world line L 1 of the smaller mass, m 1 . Tidal invariants will be expressed either in terms of the dimensionless frequency parameters, x and y, or of the EOB dimensionless gravitational potential u. Here, we define In the Newtonian limit u ≃ x ≃ (v/c) 2 (while x ≡ (1 + q) 2/3 y). In the following we shall often set G = c = 1, except when it may be physically illuminating to reestablish the presence of G or c in some expression.
II. RELATIVISTIC TIDAL EFFECTS IN BINARY SYSTEMS: RECAP OF KNOWN RESULTS
Before dealing with the new, high-PN order, tidal results that are the main aim of this work, let us recall the state of the art in the knowledge of relativistic tidal effects in binary systems.
Ref. [30] extended the concept of Love number (measuring the tidal polarizability of an extended body) to neutron stars, and showed that the corresponding finite size effects start modifying the dynamics of compact binary systems at the (formal) 5PN level. In an effective field theory description of extended objects, finite size effects are treated by augmenting the leading-order skeletonized point-mass action describing gravitationally interacting compact objects [30] , [31] [32] [33] . To classify the possible tidal-related nonminimal world line scalars, it is useful to appeal to the relativistic theory of tidal expansions [34] [35] [36] . In the notation of Refs. [35, 36] , the tidal expansion of the "external metric"felt by body A (member of a N -body system) is expressed in terms of two types of tidal tensors: the gravitoelectric G In the text, we shall focus on the simplest invariants associated with the quadrupolar (l = 2) electric-type and magnetic-type tidal tensors G ab , H ab (see Appendix D for octupolar-level invariants). The latter are related as follows to the spatial components (in the local frame) of the "electric" and "magnetic" parts of the Riemann tensor (evaluated, with dimensional regularization, along the considered world line) We shall always assume that we are interested in the tidal invariant of the body labeled 1 (with mass m 1 ), member of a binary system. For ease of notation, we shall henceforth often suppress the body label A = 1.
The quadrupolar electric-like tidal tensor (2.4), in comparable mass binary systems, has been computed to 1PN fractional accuracy in Refs. [37, 38] (see also Refs. [29, 39] ). Ref. [40] has also computed to 1PN accuracy the octupolar electric-like tidal tensor, G abc , and the quadrupolar magnetic-like tidal tensor H ab ∼ B ab . The significantly more involved calculation of tidal effects, along general orbits, in binary systems at the 2PN fractional accuracy has been tackled by Bini, Damour and Faye [24] . For later comparison, let us quote the values of the 2PN-accurate tidal invariants computed in [24] for the simple case of circular orbits. There are two ways of expressing these results in a gauge-invariant way. First, one can express them in terms of the symmetric, dimensionless frequency parameter x = ((m 1 +m 2 )Ω) 2/3 , see Eq. (1.4). Note that x is related to the bodydissymmetric (SF motivated) frequency parameter y, Eq. (1.5), via
where q ≡ m 1 /m 2 . In terms of x the 2PN-accurate results of [24] read (say, after using Eq. (4.12) there to replace the harmoniccoordinate radius r h 12 in terms of x)
Here, we recall that X 1 ≡ m 1 /M ≡ q/(1+q), and we have included the exact results in the test-mass limit X 1 → 0.
[The notation O a (x n ) denotes a term which vanishes with a and which is O(x n ).] A second useful way of expressing these tidal scalars in a gauge-invariant way is to express them in terms of the EOB radial distance r EOB (which has a gauge-invariant meaning). This can be done either by using Eqs. (5.28) and (5.29) in [24] , or, by using the exact relation between u ≡ GM/(c 2 r EOB ) and x predicted by EOB theory [17] , viz
where
Here, A(u; ν) (making also its dependence on ν explicit) is the basic EOB radial potential, which generalizes the famous Schwarzschild potential 1 − 2GM/(c 2 r) to the two-body case. Thanks to many studies over the last years, a lot is known about the EOB radial potential A(u; ν), both for what concerns its PN expansion (i.e., its expansion in powers of u = GM/(c 2 r EOB )), and its self-force (SF) expansion (i.e., its expansion in powers
. The full PN expansion of A(u; ν) has been recently determined to the 4PN level [25] . For our present purpose, we only need to use the (remarkably simple) 2PN-accurate value of A(u; ν), namely [13] 
Inserting this result in Eq. (2.10) yields the links
, (2.14)
Inserting (2.14) in Eqs. (2.8) and (2.9) yields
It should be noted that the X 1 -dependence of the invariants J e 2 and J b 2 is simpler when these scalars are expressed in terms of the EOB radial distance r EOB (with u ≡ GM/(c 2 r EOB )). In particular, the 1PN correction to J e 2 is linear in X 1 , and the 2PN correction is quadratic in X 1 . The same holds when expressing J e 2 in terms of the harmonic (or ADM) radial distance. By contrast, when expressing J e 2 in terms of the frequency parameter x, the 1PN correction is quadratic in X 1 , while the 2PN one is already quartic in X 1 , see Eq. (2.8) [A similar increase in mass-ratio complexity was noticed in Ref. [26] , when expressing the binding energy in terms of x instead of u.]
We shall come back below to the importance of the nonlinear dependence of the quadrupolar electric tidal invariant J e 2 on the mass fraction X 1 = m 1 /M . To conclude this recap section, let us quote the values taken by J e 2 and J b 2 when taking the small-mass-ratio limit X 1 = q/(1 + q) → 0, and expressing them in terms of the SF-friendly (but body-dissymmetric) frequency parameter y, Eq. (1.5). For finite values of q, the link (2.7) between x and y involves nasty powers of 1 + q. However, the link simplifies when considered to first order in q, namely
Similarly, the 2PN-accurate links (2.14) and (2.15) yield, to first order in q:
Using these, and working with (SF-motivated) bodydissymmetric dimensionless tidal invariants involving extra powers of the large mass m 2 , we have
2 J e 2 = 6y 6 1 − 3y + 3y
Let us finally quote the form of the corresponding results for the redshift-rescaled scalars
is the (inverse) redshift factor along the world line of m 1 while k = Γ −1 1 U 1 = ∂ t + Ω∂ φ denotes the Killing vector associated with the helical symmetry of the circular binary system. Both the PN expansion, and the SF expansion, of Γ 1 have been the focus of many studies in recent years [19, [41] [42] [43] [44] [45] [46] . For the purpose of this section, we only need the expansion of Γ 1 up to 2PN-accuracy in y, and to first order in q 24) or, equivalently
Inserting this result in Eqs. (2.22) and (2.14) yields m 4 2 J e 2 = 6y 6 (1 − 3y + 3y 2 ) + q −12y
In some sections of this paper, the behavior of various SF-expanded quantities as the considered circular orbit approaches the light ring (LR) [i.e., as
will play an important role. Note that this behavior depends very much on the considered quantity. E.g., the O(q 0 ) pieces in J e 2 and J b 2 blow up as The previous section has recalled the current knowledge (up to the fractional 2PN level) of tidal invariants in comparable-mass circular binaries. We shall henceforth consider first-order gravitational self-force contributions to tidal invariants in small mass ratio circular binaries. More precisely, we shall show how to analytically compute J e 2 , J b 2 and several other tidal scalars when working to first order in q = m 1 /m 2 ≪ 1. The technique we shall use is a rather straightforward generalization of the approach we used in several recent works [23, [25] [26] [27] . Let us briefly recall the main features of our technique.
The first feature (which generalizes an idea introduced by Detweiler [41] ) is to consider a gauge-invariant function. Here, we regularize and evaluate several scalars J e 2 , J b 2 , etc., along the world line L 1 of the small mass m 1 in a circular binary. One then considers the functional dependence of these gauge-invariant scalars on the (gauge-invariant) frequency parameter y, Eq. (1.5).
The second feature is to express the above invariants in terms of the mass-ratio rescaled first-order self-force (1SF) perturbation h µν of the background metric g (0)
µν :
Here, g
αβ is taken to be a Schwarzschild metric of mass m 2 and we recall that q = m 1 /m 2 .
The third feature is to compute h αβ (x µ ) near the world line of m 1 by combining several analytical approaches to Regge-Wheeler-Zerilli theory. The analytical approach used depends on the multipolar order l in the tensor multipolar expansion of h αβ (x µ ). The nonradiative multipoles 0 ≤ l ≤ 1 are treated analytically, by transforming the results of [47, 48] to an asymptotically flat gauge. The radiative multipoles 2 ≤ l ≤ 5 are treated by computing the near-zone re-expansion of the hypergeometricexpansion form of Regge-Wheeler-Zerilli theory introduced by Mano, Suzuki and Tagasugi [49] [50] [51] . The generic, higher-l radiative multipoles l ≥ 6 are obtained by solving an inhomogeneous Regge-Wheeler equation by a straightforward PN expansion. As discussed in our previous paper [23] the hypergeometric-expansion treatment of the l th multipole allows one to correctly include the near zone tail effects up to the (l + 2) th PN level. The fact that we use such a treatment up to l = 5 therefore means that our near zone metric starts being inaccurate (because of the use of a straightforward PN expansion) only at the 8PN level. In other words, our near zone metric will be accurate up to the 7.5PN level included (which is the same accuracy that we used in our recent spin-orbit computation [23] ). This accuracy will allow us to compute the quadrupolar electric and magnetic tidal invariants J e 2 , J b 2 , Eq. (2.8) to the fractional 7.5PN accuracy, i.e. to the order (Gm 2 /(c 2 r)) 7.5 ∼ y 7.5 beyond the Newtonian level result, J Newton e 2 = 6m 2 /r 6 . [We have the same fractional PN accuracy in J e 2 and J b 2 because our error in the electric (magnetic) curvature comes from neglecting some tail terms in the corresponding electric (magnetic) l = 6 multipoles.]
To relieve the tedium, and because many aspects of our present study are similar to our previous works [23, [25] [26] [27] we shall relegate the technical details of our computation to some Appendices. Let us only stress here the features of our calculations that are conceptually different from those of Ref. [23] . The first such feature is that we are now evaluating a combination of terms involving up to the second derivatives of the metric perturbation h µν .
To be more precise, let k = ∂ t + Ω∂ φ be the helical Killing vector of the spacetime around a binary system (of masses m 1 and m 2 ) on circular orbits. We recall that the 4-velocity vector of body 1, say U µ 1 , is parallel to the value of the Killing vector k µ along the world line L 1 of body 1, i.e.,
The proportionality factor Γ 1 (equal to Detweiler's redshift variable
Here, and below, the brackets [. In addition, as, in the following, we shall always evaluate quantities on the world line of body 1, rather than body 2, we shall often simplify the notation by omitting the body label 1 on quantities such as U = U 1 or Γ = Γ 1 . Let us also recall that all the invariants are initially computed as functions of the coordinate radius r 0 of particle 1. One then needs to re-express r 0 in terms of the gaugeinvariant frequency parameter y. This is done by using the following relation [41] 
This relation follows from the geodesic character of L 1 (which also implies the condition [∂ φ h kk ] 1 = 0). Here, h kk ≡ h µν k µ k ν denotes the double k−contraction of the metric perturbation.
Instead of working with the invariants made of the usual gravitoelectric U -projection of the curvature tensor,
we found convenient to work with the gravitoelectric k-projection of the curvature tensor, i.e.,
The simplest invariant associated with E αβ (k) is h θθ + 2y
The r.h.s. of Eq. (3.8) (here written without making use of Einstein's equations) is meant to be regularized and evaluated at the location of particle 1. We have already used the fact that particle 1 moves along an equatorial (θ = π/2) circular orbit located at the radius r 0 = m 2 /y + O(q). The evaluation, and regularization, of δ is done along the same lines as our previous work [23] . The metric perturbation h µν is decomposed into tensor spherical harmonics h lm µν (of even and odd types), and is computed in Regge-Wheeler gauge. Each lm multipolar contribution to δ is finite. As already mentioned, the explicit computation of h ], depends on the value of l. The non radiative multipoles 0 ≤ l ≤ 1 are exactly known. The low radiative multipoles 2 ≤ l ≤ 5 are computed as hypergeometric-function expansions, which are then re-expanded in powers of ωr and m 2 /r. The higher radiative multipoles l ≥ 6 are directly computed as a PN expansion, i.e., as a near-zone expansion in powers of ωr and m 2 /r. For each value of l, after the near-zone expansion, the dependence on the "magnetic multipolar number" m is sufficiently explicit to allow one to perform the summation of δ lm over m (from −l to +l), thanks to the existence of standard summation rules [52] .
The singular nature of δ as the location of particle 1 is approached shows up in the fact that the value of the r.h.s. of Eq. (3.8) depends on whether the radial coordinate r of the field point x λ , where h lm µν (x λ ) and its derivatives are evaluated, approaches the radial location r 0 of particle 1 from above or from below. [23] , it is convenient to focus on the average between the two limits, say
Indeed, this radial-limit average eliminates some singular terms (namely, those that are odd under reflection around the particle location, such as singular terms of the type ∂ µ ρ −1 , where ρ denotes the distance between the field point and the world line).
When considering gauge-invariant perturbed quantities δ that depended only on h µν and, possibly, its first derivatives [23, [25] [26] [27] , the average δ 0 l , Eq. (3.9) was found to have a limit as l → ∞. Here, the presence of second derivatives in δ, Eq. (3.8), corresponds to a more singular spacetime behavior around L 1 (involving ∂ µν ρ −1 ). As a priori expected, we found that this implied a quadratic growth of δ 0 l as l → ∞. More precisely, we found (from our generic-l PN-expanded analytic solution) that the large l behavior of δ 0 l has the form
(3.10)
A convenient technical feature of our approach is that we can (by using our PN-expanded solution) analytically compute, to any preassigned order, the PN expansion of the two coefficients b 0 (y) and b 1 (y This allows us to compute the "subtraction term"
to any preassigned PN order. Finally, the regularized value of δ is given by the convergent series (see Eq. (3.10)) Using the same technique we computed several other tidal invariants as function of y; see Appendices B, C, D for details.
First, besides the quadratic tidal electric invariant Tr[E 2 (k)], we also computed the trace of the cube of the tidal electric matrix E µ ν (k). Writing the 1SF contribution to the adimensionalized version of this cubic invariant in factorized form, In addition we considered the quadratic tidal-magnetic invariant
accurate expansion (in nonfactorized form) of its m 2 -adimensionalized version reads
where the 7.5PN accurate value of the 1SF correction reads (see Appendix C for details) Dolan et al. [1] have recently numerically evaluated the 1SF contribution to the eigenvalues of the tidal-electric, and tidal-magnetic, quadrupolar tensors m
These eigenvalues are such that
where we used their tracelessness, and the existence of a zero eigenvalue of B(U ) [1] . Let us introduce a notation for the eigenvalues of the corresponding Killing-scaled tidal tensors
The unperturbed (0SF) values of these eigenvalues, as functions of the background frequency parameter y = (m 2 Ω) 2/3 are
Let us write the SF expansion of any m 2 -adimensionalized (gauge-invariant) function of y as
and λ (B)1SF . To compare our high-order analytic results to their numerical estimates we have used our three invariants Tr[
and σ (B) , and then used the exact link
together with the 8.5PN accurate 1SF expansion of Γ derived in our previous work [27] , to analytically compute high-order PN expansions of λ
, and λ (B)1SF . More precisely, if we introduce the notation
so that
the 1SF perturbation of the exact equations
yields a linear system of two equations for the two unknowns σ
with α 1SF and β 1SF as r.h.s.'s. The (unique) solution of this system reads
)(2σ
Note that the denominators (2σ
) and (2σ
) ≃ −3y 3 , while (2σ
As a consequence, when inserting in Eqs. (4.10) our 7.5PN accurate results for α 1SF and β 1SF (using Eqs. (3.15) and (3.17) above), we were able to determine σ . Using then the exact link (4.6), together with our 8.5PN accurate result for Γ 2 (y) [27] , we also computed the corresponding . For brevity, let us only quote here our results for the U -normalized eigenvalues λ Concerning the quadrupolar tidal-magnetic eigenvalue λ (B) , Eq. (4.1), it was enough to use our computation of
(4.14)
to determine the 7.5PN accurate expansion of
Here we use the positive sign for the 0SF magnetic eigenvalue σ (B)0 = 3y The analytical values of the first three coefficients (i.e. up to the fractional 2PN level) in the expansions above
and λ (B)1SF agree with the values inferred in Ref. [1] from their accurate numerical data. We then compared our full 7.5PN-accurate analytical result (4.11) for λ (E)1SF 1 to the numerical results displayed in Table I 
Here, we factorized out the numerical coefficient 3
8
(linked to the convergence radius associated with the existence of a singularity at y = 1 3 ), so that we a priori expect the remaining numerical coefficients c 0 , c 1,2 to be (roughly) of order unity. For simplicity, we shall neglect the (PN) expected logarithmic running of this term. We found that replacing the parenthesis c 0 + c 1 ln(3y) + c 2 ln 2 (3y) in Eq. (4.17) by a constant, say c, led to reasonable results, when doing comparisons with numerical data. More precisely, we found that the value c = 10, i.e., a final PN error estimate
10
(3y) 18) seemed to constitute an acceptable upper bound on the (absolute value of) the analytical error O ln (y 8 ) in Eq. (4.16).
In Fig.  1 , we plot the base-10 logarithm of the Newtonian-rescaled numerical-minus-analytical difference
versus the base-10 logarithm of y. The slanting (red online) solid line indicates the analytical error estimate. The dashed horizontal line (located at −11) indicates the (rough) numerical error level that would correspond to the number of significant digits (namely eleven) displayed in the first column of Table I in Ref. [1] . If both error estimates were correct, the results for the differences (4.19) (displayed as boxes) should all lie below at least one of the two error lines. We see that this is the case for all the data points corresponding to y ≤ 1 20 (i.e., r Ω /M ≤ 20 in the notation of [1] ). This is a nice confirmation of both the validity of our analytical results, and the validity of
The base-10 logarithm of the Newtonianrescaled numerical-minus-analytical difference [ λ
5PN versus the base-10 logarithm of y. The slanting (red online) solid line indicates the analytical error estimate while the dashed horizontal line (located at −11) indicates the (rough) numerical error level as in Ref. [1] .
the numerical results of [1] in the most important strongfield domain
On the other hand, the data points on the left (except the leftmost one) corresponding to (i.e., 30 ≤ r Ω /M ≤ 1000) lie above both the expected PN error level, and the 11-digits horizontal line. This suggests that they have been affected by some small systematic error, kicking in at large radii. Note, however, that all data points are below either the estimated PN error curve, or a horizontal line at −7.5. In other words, at the remarkably good 8-digits level (which is enough for all practical purposes), there is agreement between analytical and numerical results in the very extended domain , we have found that they are all lied below either our estimated 9PN error (3y) 9 or the 10 −20 level corresponding to the number of digits displayed in Table III of Ref. [1] .
These results show again the interest of comparing analytical and numerical results. In particular, we think that our Fig. 1 is the first such result where high-accuracy analytical results inform numerical studies in suggesting the hidden presence of (small) systematic numerical er-rors kicking in at large radii.
V. LIGHT RING BEHAVIOR OF TIDAL INVARIANTS
Several previous self-force studies have pointed out the existence of a singular behavior of some 1SF corrections as one approaches the LR: y → 1 3 . This was first pointed out in Ref. [19] for the redshift-related quantity h kk = h
, and the associated EOB potential a = a 1SF . It was found there that, as y →
and correspondingly (with the superscript F indicating that h µν is evaluated in an asymptotically flat gauge, rather than the Lorentz gauge used in [19] )
The numerical value of the so introduced parameter ζ is close to one. A summary of the numerical estimates of ζ given in [19] is (as noted in [23] )
As explained in [19] , the origin of the LR singularities (5.1), (5.2) is simply the fact that, as one approaches the LR, the components of the stress-energy tensor of the perturbing source
. By using results of EOB theory, it was then pointed out in Ref. [23] that the LR singularities (5.1), (5.2) propagate into a corresponding singular behavior of the 1SF spin-orbit function
The latter predicted behavior [which numerically reads −0.1404(1)(1−3y) −1 ] has been recently confirmed in Ref. [1] . In addition, Ref. [1] has numerically found that the 1SF contribution to the electric tidal eigenvalue λ (E) 1 diverges, near the LR, as
We wish to point out here that, similarly to what happened for the 1SF spin-orbit correction ψ 1SF , the behavior (5.5) is actually an analytical consequence of the behavior (5.1), (5.2). Indeed, we have shown above that λ (E) 1 is related to the k-scaled eigenvalue σ
1 . Let us show that, in the SF expansion of this relation, the singular behavior of (Γ 2 ) 1SF dominates over that of σ
where the components of k = ∂ t + Ω∂ φ are regular at the LR), implies, when computing the curvature of g µν = g
. Therefore, the LR singularity in the
where the 0SF contribution σ
The LR behavior h kk ∼ Γ, then implies that the fractional 1SF correction to Γ is of order qΓ 3 , i.e., much stronger than the O(qΓ) fractional correction to σ (E) 1 . As a consequence, the dominant LR singularity in λ
comes, as announced, from the 1SF correction in Γ, Eq. (5.7). Using Eq. (5.2) this yields the analytical prediction 8) so that (using σ
(5.9) In addition, our reasoning yields analogous predictions for λ 3 ) as −λ
at the LR, their predicted LR behavior is simply
These analytical predictions agree with the behaviors found numerically in Ref. [1] . Moreover, the coefficients of (1 − 3y) −5/2 on the r.h.s.'s of Eqs. (5.9) and (5.10) are analytically predicted to be Here, we quoted the smaller error bar obtained for C σB in [1] . In turn, if we combine the more accurate numerical result (5.13) with the analytical prediction (5.11), we can derive a more accurate estimate of the parameter ζ, namely ζ = 54 C λ + 4 9 = 1.0055(5) .
(5.14)
On the other hand, the fact that σ
VI. DYNAMICAL TRANSCRIPTION OF TIDAL RESULTS WITHIN EOB THEORY
EOB theory [13] [14] [15] [16] is an analytical formalism that reformulates the dynamics of binary systems, with masses m 1 and m 2 , in terms of the dynamics of an "effective one body"problem, where a particle of mass µ = m 1 m 2 /(m 1 + m 2 ) is gravitationally coupled to an effective external metric g eff µν (x λ ; M, ν) which depends both on the total mass M = m 1 + m 2 and on the symmetric
2 . The effective external metric is parametrized (for non spinning bodies) as
[In addition, the EOB dynamics includes higher-orderin-momenta terms that we will not need to discuss here.] Here, u = M/r EOB and the two metric functions A(u; ν) and B(u; ν) are ν−deformed versions of the well known Schwarzschild result A S (u) = 1 − 2u = 1/B S (u). In other words, when ν → 0, we have A(u; 0) = 1 − 2u = 1/B(u; 0). In the following, we shall refer to the crucially important function A(u; ν) = −g eff 00 as the main EOB radial potential.
It was proposed in [28] to represent, within the EOB formalism, the tidal interactions in binary systems, comprising tidally deformable compact bodies (namely neutron stars) by adding to the point-mass (or binary black hole) radial potential A BBH (u; ν) extra tidal contributions:
2) The nontidal contribution A BBH (u; ν) is fully known up to the 4PN level [25] , while its 1SF contribution a 1SF (u), such that
has been analytically determined up to the 8.5PN order [26, 27] (see also [53] for analytical-numerical results up to 10.5PN) and its global strong-field shape has been numerically determined (and analytically fitted) in Ref. [19] . The two tidal contributions A tidal 1 and A tidal 2 to A total in Eq. (6.2) are additional radial potentials, associated, respectively, with the tidal deformations of body 1 and body 2. They can be decomposed into various multipolar contributions, labeled by multipole order l and parity ǫ (+ or −, i.e., electric-or magnetic-like); e.g., for body 1
Following Ref. [28] we have factorized each multipolar contribution in a leading order (LO), or "Newtonian" piece, A
2 ). The LO piece is proportional to an l-dependent power of the interbody distance (in EOB coordinates), e.g.,
where κ
1 is a dimensionless combination involving the l th electric tidal Love number k (l) 1 of body 1, its radius R 1 and the two masses m 1 and m 2 (see either Eq. (25) in Ref. [28] or Eq. (11.7) in [24] ). On the other hand, the correcting factorÂ (l) 1 (of electric or magnetic type) measures the distance-dependent effect of higher-PN relativistic tidal interactions (i.e., all effects beyond the Newtonian level interaction energy). The main aim of the present work is to use analytical (and numerical) gravitational self-force theory to improve our knowledge of several such relativistic tidal correcting factors. Before doing so, let us recall the current knowledge of these relativistic tidal correcting factors.
The currently most accurately known relativistic factor is the (physically most important) electric quadrupolar
(u). Ref. [28] computed it at the 1PN accuracy, while [24] computed both its 2PN contribution and its exact test-mass value. Combining these pieces of information yieldŝ
Let us quote the known results for the two most important sub-leading tidal interactions: the magneticquadrupolar (with A
The relativistic tidal factors of body 1, Eqs. (6.6)-(6.8), have been expressed in terms of the EOB dimensionless gravitational potential u = GM/(c 2 r EOB ) (with M = m 1 + m 2 ), and of the mass fraction X 1 = m 1 /M . Note that the corresponding results for the tidal contribution of body 2 is simply obtained by replacing X 1 by X 2 = m 2 /M (= 1 − X 1 ). As already used above, the notation O X1 (u n ) denotes a term which vanishes (at least) proportionally to X 1 and which is of order u n (i.e., of the n th PN order). Let us also note that the X 1 dependence of the above electric relativistic factors (expressed in terms of the EOB variable u) is simpler than what it would be if expressed either in terms of the frequency parameters x, Eq. 1 , i.e., their expansion in powers of X 1 (rather than their PN expansion in powers of u). We shall then use the notation
The structure of the known PN results (6.6)-(6.8) suggests that the 3SF, and higher, contributions O(X 3 1 ) to the electric relativistic factors start at order u 3 , i.e., at the 3PN order. The zero SF contributionsÂ Current SF technology (both numerical and analytical) only allows one to access the 1SF correctionsÂ
On the other hand, the combination of PN theory and EOB theory exhibited in Eqs. (6.6)-(6.8) shows that we already have some knowledge of the 2SF contributions, as will be further discussed below.
The general relation between the (dynamically significant) EOB relativistic tidal factorsÂ
1 (u) and the (kinematically invariant) U −normalized tidal scalars, such as J e 2 = Tr[E 2 (U )], has been derived in [24] . Let us recall the final result of [24] in the simple case of circular orbits. With each irreducible U −normalized multipolar tidal invariant J (evaluated along the world line of body 1) is associated a corresponding contribution, say A [24] , this general link implies that
Here, the first factor (which is a specific prediction of EOB theory) is given in terms of the EOB A−potential via the definitions (consistently with Eqs. (2.10)-(2.12)
The second factor is the redshift factor
1 along the world line of body 1. The last factor is the ratio between the two-body value of the tidal invariant J (for body 1), and the value that J would take at Newtonian order, when expressed in terms of the EOB distance r EOB . For instance, we see from Eq. (2.14) and from Eqs. (6.15) in [24] , that (6.17)
The r.h.s. of Eq. (6.11) must be expressed in terms of the EOB gravitational potential u = M/r EOB and of X 1 = m 1 /M . The EOB-related factors F (u) and J Newt (r EOB ) are already expressed in terms of u or r EOB = M/u. [F (u) defined by Eqs. (6.12)-(6.13) is an explicit function of u and ν = X 1 X 2 = X 1 (1 − X 1 ).] One must, however, express both dτ 1 /dt = Γ −1 1 and J in terms of u and X 1 .
Let us now focus on the first order SF expansion of A J 1 , i.e., on the first two terms of Eq. (6.9). At this linear order in X 1 , all small mass ratios are equivalent to q = m 1 /m 2 :
. The 1SF accurate expansion of the redshift function Γ(y) = Γ 1 (y) is related to the metric perturbation h kk = h µν k µ k ν by Eq. (5.7). In Ref. [27] we have computed the 8.5PN expansion of h kk in powers of y (see Eqs. (21)- (24) in [27] ). On the other hand, we have analytically computed above the 1SF contribution to the function J e 2 (y) = Γ −4 J e 2 at the 7.5PN accuracy.
Combining these two results yields the 7.5PN-accurate expansion of the factor
in Eq. (6.11) to first order in q, and as a function of y. In order to re-express this result as a function of the EOB variable u we need the transformation linking u and y to (at least) 7.5PN-accuracy. This transformation follows from basic results in EOB theory that we have recalled in Sec. II above. Namely, the frequency parameter x = (M Ω) 2/3 is related to u via Eq. (2.10), while y = (m 2 Ω) 2/3 is related to x via Eq. (2.7), i.e., Eq. (2.15) at linear order in q. The 1SF-accurate version of the u−y link is then obtained from the 1SF-accurate expansion of the basic EOB potential A(u; ν), i.e.,
This yields [17] 
(6.19) and Note that both PN expansions are fractionally 7.5PN accurate. When working within the usual PN formalism (where g 00 is more accurately determined than g 0i , and g 0i more accurately that g ij ) one looses one order of PN accuracy when computing a "magnetic" quantity. However, here we have used an expansion of the ReggeWheeler metric based on correctly including both the l = 5 electric quadrupole and the l = 5 magnetic one. As a consequence, all our results are accurate up to, and including, the appearance of the first logarithm of 5 (which is linked to near zone tail effects associated with l = 5 [25] [26] [27] ), as well as the next half-PN order.
VII. GLOBAL, STRONG-FIELD BEHAVIOR OF THE RELATIVISTIC TIDAL FACTORS
We have obtained above high-order expansions in powers of u for the O(X 1 ) contribution to the quadrupolar electric and quadrupolar-magnetic relativistic tidal factorsÂ (l) 1 (u; X 1 ) that describe dynamical tidal effects within the EOB formalism, see Eq. (6.4). In this section we shall combine these analytic results with several other sources of information (test-mass limit, numerical SF data, EOB theory, LR behavior) in order to come up with a plausible, global description of the behavior of the functionsÂ (l) 1 (u; X 1 ) in the entire, physically relevant domain of variation of the two variables u and X 1 .
As was stressed in Refs. [24, 28] , in order to accurately describe the dynamical influence of tidal effects in coalescing binary neutron stars, one needs to know the functionsÂ 
corresponding to
Here, we have defined the "compactness" of each neutron star as
If we consider a neutron star of mass m 1 ≃ 1.35M ⊙ ≃ 2 km and radius R 1 between 10 km and 12 km, its compactness C 1 will range between 1/6 ≈ 0.1667 and 0.2. In the equal-mass case, Eq. (7.2) yields u contact = C 1 . It is therefore desirable to know the behavior ofÂ
1 (u; X 1 ) up to u contact = 0.2. In view of the recent discovery of higher mass neutron stars, it is possible that even larger values of u contact might become physically important. In the following, we shall combine strong-field SF data [1, 19] with analytic information to describe the behavior of the tidal factors up to u = (u) in the quadrupolar-electric tidal factor are plotted as functions of u, starting from the 1PN approximant (straight line) up to the 7.5 PN approximant. The 2PN approximant is a parabola (with upward concavity) close to the 1PN straight line. The higher approximants can be identified by looking at the position of the zero (close to u = 0.12) as given in Table I below. The boxes indicate the numerical SF data obtained by combining the results of [1] and [19] .
A. Strong-field behavior of the 1SF quadrupolar-electric tidal factors
In this subsection, we only consider the X 1 −linear pieceÂ 2 ) approximants (which stay positive and monotonically increasing) all the higher-PN-approximants, after increasing away from zero, reach a positive maximum, after which they decrease, cross the zero level around u = 0.12, and then continue dipping down towards more and more negative values as u enters the strong field domain. We list in Table I the values of u where the successive PN approximants toÂ
(u) vanish. Note that, as the PN order increases, the values of these zeros exhibit an approximate convergence towards u ≈ 0.1175. As last line in the table we have displayed, for comparison, the estimate of this zero coming from our best fit to the numerical SF data (f 23 , see Eq. (7.27) below).
Let us show that this analytic prediction is in agreement with numerical SF data. To do that, we need to be able to compute the EOB functionÂ
(u) from SF data. We can do this by combining two sets of SF 
2 . Indeed, the quantity we are interested in can be explicitly written aŝ
(7.3) Here, F (u; ν) is given, to 1SF order, by inserting Eq. (6.3) in the definitions (6.12)-(6.14), i.e.,
while the functions of y, Γ −1 (y) and m 4 2 J e 2 (y) are given, to 1SF order, by
In the latter expressions, we need to insert the 1SF-accurate expression of y in terms of u, i.e.,
The final 1SF-accurate result forÂ . In addition, let us recall that the 1SF EOB potential a 1SF (u) is itself given in terms of h kk [27, 54] by (7.8) and that the k-normalized metric perturbation h kk is related to the 1SF contribution to the function Γ(y) via
The recent work of Dolan et al. [1] computed accurate numerical values for λ
and Γ 1SF (y) for a sample of values of y ranging from .7)). To compute these terms, we have used the work of Akcay et al. [19] , which derived accurate global analytical representations of the function a 1SF (u) from numerical SF data on h kk . More precisely, we used the "model # 14" in Ref. [19] to analytically represent a 1SF (u), and thereby analytically compute its derivative a ′ 1SF (u). [In passing, we have checked that there was an excellent agreement, between the latter analytic model for a 1SF (u) and the numerical data for Γ 1SF given in [1] , with differences smaller than about 10 −11 over the full range . On the other hand, as will be exhibited in Fig. 3 below, in the domain 1 6 u ≤ 1 4 , even the 7.5 accurate expansion exhibits visible differences with the numerical result. It is to be noted that the analytical prediction of a nontrivial strong-field behavior of the functionÂ
(u) (with a maximum and a change of sign) is fully confirmed by the numerical data. [A similar analytic and numerical agreement was found for spin-orbit effects in Refs. [23, 55] .] Analogously to what was argued for the spin-orbit function ψ(y) [23] , the plunging behavior towards negative values, for u 0.2 of the 1SF functionÂ Indeed, if we rewrite the expression (7.3) in terms of the k-normalized quadrupolar electric invariant J e 2 = i (σ
where the factor Γ −1 (y(u)) in Eq. (7.3) has been replaced by Γ 3 (y(u)). As already argued above, near the LR (y → where the term qΓ (which is to be interpreted in a rough sense, i.e., modulo some y−dependent coefficient which has a finite limit at the LR) denotes the effect of the metric perturbation h µν , which blows up as O(Γ) near the LR.
It is important to note in Eq. (7.11) that the 0SF contribution (namely 6y 6 (1 − 3y + 3y 2 )) remains bounded and nonzero as y → 
Therefore, the most singular term, near the LR, in the 1SF transformation y = u + qy 1SF (u) + O(q 2 ) will be induced by
Inserting this result in Eq. (7.12) yields
When applying this general result to J e 2 (y(u)) (for which both f 1 /f 0 and f ′ 0 /f 0 are of order unity near the LR) we conclude that J e 2 (y(u))/J 0SF e 2 (u) ∼ 1 + qΓ 3 . By contrast, we shall have a faster fractional LR blow up when applying the result (7.16) to the factor Γ 3 (y(u)) in Eq. (7.10). Indeed, in that case though the term f 1 (u)/f 0 (u), i.e., 3Γ
1SF (y(u))/Γ 0SF (u), is of order Γ 3 (see Eq. (7.9)), the last term on the r.h.s. of Eq. (7.16) blows up even faster near the LR, namely as Γ 5 . We conclude (using Γ
In addition, the factor F (u; ν) in Eq. (7.10) contributes a term having a similar LR blow up. Indeed, near the LR we havẽ
(7.19) Combining the factors (7.17) and (7.19) yields a fractional blow up behavior forÂ
Inserting the 0SF value ofÂ
−1 yields an absolute blow up behavior of the O(q) term inÂ
21) where we used the asymptotic behavior (7.13) for a ′ 1SF (u).
In view of the positive value ζ ≃ 1, we see that Eq. (7.21) predicts thatÂ
(u) must plunge, rather fast, towards −∞ as u → 1 3 . This "explains" the shape of the higher PN approximants, and of the numerical results. Note, finally, that Eq. (7.21) suggests to consider the following LR-rescaled version ofÂ
This LR-rescaled function should remain finite as u → In the numerical estimate we have used the value (5.14) for ζ.
C. Global analytic representations of the X1−linear quadrupolar-electric tidal factor
Let us now combine the various pieces of information (PN, numerical, LR behavior) we have acquired about the quadrupolar-electric tidal factor to find convenient analytic representations of the functionÂ
(u), that are valid in the strong-field domain.
Let us first mention that if one plots (as we shall do in Fig. 3 below) the discrete sample of numerically determined values of the LR-rescaled function A (2)1SF 1 (u), Eq. (7.22), one obtains a set of points which approximately lie on a cubic curve of the form
with a 1 ≃ 8.5 and a 2 ≃ 3. Here, the factor 5 2 u is the 1PN approximant, the parameter a 1 parametrizes the first zero (outside the origin) located around 1/a 1 ≈ 0.12 (see Table I ), and a 2 parametrizes a second zero (located in the neighborhood of (u) will cross again the horizontal axis a little bit after the LR, i.e., for some u = Anyway, we found that one could fit the numerical data points rather accurately by means of fitting functions of the type
where the extra factor remains close to one in the entire fitting domain. First, a not very accurate fit (but the analytically simplest we could get) is obtained by least-squares fitting the 23 numerical data points ssociated with the sample of Ref. [1] (completed by model # 14 of Ref. [19] ) to a simple cubic, i.e., by taking f 0 (u) = 1 in Eq. (7.25). The best-fit parameters for this cubic fit were found to be a By contrast we obtained a much more accurate fit (with σ res = 6.01 × 10 −5 ) by including a fudge factor f 0 (u) in Eq. (7.25) of the form
and by fitting the four parameters a 1 , a 2 , n 1 and d 2 . The best-fit parameters were then found to be
We shall refer to this fit as f 23 . We have also fitted the template (7.25), (7.26) to an extended data set obtained by adding to the previous 23 numerical data points a 24 th point given by the analytically predicted LR value (7.23). This gave residuals such that σ res = 7.8 × 10
and best-fit parameters a 1 = 8.56877, a 2 = 2.89147, n 1 = 1.243446, d 2 = 25.73912. We shall refer to this fit as f 24 .
[Note that the latter value of a 2 is slightly smaller than 3, as analytically expected, while the former value of a 2 was slightly larger than 3.] Let us also mention the result of a fit obtained by constraining the values of a 1 , a 2 and n 1 by the relation
predicted by the 2PN-accurate expansion ofÂ
The corresponding 3-parameter fit (say f In the two panels of Fig. 3 we compare four different global estimates of the light-ring-rescaled 1SF function A (2 + )1SF 1 (u), Eq. (7.22): i) the numerical SF data points obtained by combining the results of Refs. [1] and [19] ; ii) the 7.5PN-accurate analytic estimate defined as (note that the LR-prefactor on the r.h.s. is not re-expanded in powers of u) A surprising result of the previous subsections has been the fact that the X 1 −linear piece in the relativistic quadrupolar-electric tidal factor, Eqs. (6.9) and (6.10), was becoming more and more negative as u enters the strong-field domain. This is surprising, because some of the comparisons between fully numerical 3D simulations of binary neutron stars and the EOB description of tidally-interacting binary systems have suggested the need to include relativistic tidal factorsÂ (u) in the quadrupolar-electric tidal factor, Eq. (7.21): i) the numerical relativity data points [1] , [19] (boxes); ii) the fitting function f23(u), Eqs. (7.25)-(7.28) (solid line); and iii) the product of the 7.5PN series forÂ [4, 5, 28] . We think that this might be explained by the behavior of the terms nonlinear in X 1 in Eq. (6.9). Indeed, let us recall that, for binary neutron star systems, we expect to have X 1 ≃ 1 2 so that we cannot rely on the sole knowledge of the X 1 −linear (1SF) contribution that we discussed in detail above. We already know from 2PN results [24] that we have, at least, a term quadratic in X 1 , namely
The numerical coefficient entering this term is rather large ( 337 28 ≃ 12.0357). When X 1 = 1 2 , the 2PN term (7.30) numerically dominates the corresponding O(X 1 ) 2PN term, viz
It is therefore reasonable to expect that the higher PN corrections 1 + O(u) in Eq. (7.30) might play an important role, and may compensate the change of sign of the X 1 −linear contribution when u 0.12. Actually, the original, defining expression for theÂ
1 (u; X 1 )'s, Eq. (6.11) is a product of positive quantities. [Note that any quadratic irreducible tidal invariant J is necessarily positive as it is the square of a tensor having only spatial components in the local frame of U 1 : J (2
This proves that, if, when doing a SF expansion in powers of X 1 , the 1SF term formally tends to −∞ as −c 1 X 1 (1 − 3u)
−p1 (with c 1 > 0) when u → 
Actually, the dominating power p in the LR behavior (7.31) is likely to be strictly larger than 4. By extending the reasoning made above for the LR behavior ofÂ
(u) one anticipates that the highest possible power of Γ will come from the O(q 2 ) term in the q−expansion of fractional corrections such as
(7.32) In other words, this suggests that the difference between p 2 and p 1 will be given by the ratio q 2 Γ 10 /(qΓ
Combining this information with the 2PN knowledge (7.30) suggests that a plausible representation of the full X 1 −nonlinear quadrupolar-electric tidal factor readŝ with 4 ≤ p ≤ 6 and
With our current, incomplete knowledge, we suggest as best-guess estimate ofÂ
by our best strong-field fit f 23 discussed above; ii) to approximate the LR-rescaled 2SF contribution simply by using its 2PN accurate value A For illustrative purposes, we display in Fig. 4 the full factorÂ (2 + ) 1 (u; X 1 ) so defined, when using p = 4 and X 1 = 1 2 . As we see in Fig. 4 this relativistic tidal factor stays always larger than 1. Let us note that, if contact occurs at u contact = C 1 = 1 6 (taken as a typical neutron star compactness), the successive contributions, evaluated at contact, to the relativistic correction factor (7.33) read 35) where the coefficient of (2X 1 ) 2 is analytically 337/252. This expression suggests that the 2SF (and higher) contributions toÂ
largely dominate the 1SF one, and might even dominate the 0SF one, when one approaches contact. This shows the potential importance of extending the presently available 1SF numerical results to the 2SF level. It also shows the need to extend the 2PN-accurate results of [24] to higher PN levels. Eq. (7.33) suggests that the coefficient of the 3PN term X 2 1 u 3 will be rather large, namely of order 3p 337 28 , which varies between ≈ +144 and ≈ +217 as p ranges between 4 and 6.
Let us finally note that the appearance of tricky LRsingular terms, when fully expandingÂ (2 + ) 1 (u; X 1 ) in powers of X 1 , suggests that a more accurate representation (for practical uses) of this function might be obtained by keeping in non-SF-expanded form all the factors in the exact EOB expression (6.11) that can be explicitly expressed in terms of the full (non-SF-expanded) EOB potential A(u; ν). [This is notably the case of the first factor F (u; ν) in Eq. (6.11).] Indeed, one way to understand the origin of the LR behavior (7.36) with alternating signs and p 2 > p 1 > 1, is that it essentially results from expanding in powers of ν the inverse of the (positive) modified EOB radial potentialÃ(u; ν) according to Ã (u; ν)
Over the last years the many comparisons between EOB theory and numerical relativity simulations [20, 21, [56] [57] [58] [59] have led to a good knowledge of the function A(u; ν) in the comparable mass case, i.e., up to ν = 4 . There is therefore no need to worsen the the numerical accuracy of Eq. (6.11) by expanding A(u; ν) and F (u; ν) in powers of ν.
VIII. GLOBAL, STRONG-FIELD BEHAVIOR OF THE QUADRUPOLAR MAGNETIC TIDAL FACTOR
In the previous section we have considered the quadrupolar-electric tidal factor, here we shall consider by contrast the quadrupolar-magnetic one. Let us start by writing down the magnetic analog of the EOB result Eq. (7.3). It readŝ
The reasoning applied above to the electric case shows again that, near the LR, the dominant singular behavior will come from the same factors as in the electric case, namely the SF expansion of F (u; ν)Γ 3 (y(u)). The magnetic LR behavior is then obtained by multiplying Eq. (7.21) by the 0SF value ofÂ , and model #14 from [19] for the EOB function a1SF(u).
instead of
However, it is easily seen that, near the LR,Â will be given by the same equation as its electric counterpart, Eq. (7.22), i.e.,
As in the electric case, we therefore expectÂ
(u), which starts, near u = 0, as [24] 5) to have a maximum, and then to decrease, to cross zero and to plunge towards large negative values in the strongfield domain. This expected behavior is confirmed both by our analytic computation of the 7.5PN-accurate expansion ofÂ
(u), and by the recent numerical SF data of [1] . We have already written down above, in Eq.
(6.22), the 7.5PN-accurate expansion ofÂ
Contrary to the electric case, here, even the 2PN contribution is negative (with value −123/8 = −15.375, whose absolute value is about 8 times larger than the 1PN coefficient).
In Fig. 5 we plot the 7.5PN accurate result for A (2 − )1SF 1 (u). As expected, from Eq. (8.4), it exhibits a maximum, it crosses the zero level around u ≃ 0.066484, and then plunges towards large, negative values. Using the same tools as in the electric case (i.e., combining numerical data from [1] and model #14 from [19] ), we also computed a strong-field numerical estimate of A (2 − )1SF 1 (u). The numerical data points are indicated by boxes in Fig. 5 . These data confirm the strong-field behavior inferred above from analytical arguments.
Clearly, one could extend the fitting technique we have used above in the electric case to the present magnetic one, by considering templates of the form
with a suitably chosen fudge factor f 0 (u). However, as there is no pressing need to have in hand an accurate global representation ofÂ
(u) we leave such a task to future work. Let us only mention that the X 1 −nonlinear contributions probably play also a very important role in the magnetic tidal factor. Indeed, contrary to the electric case, they start at the 1PN level with the contribution +X 2 1 u. To conclude, let us only exhibit the current knowledge of the structure ofÂ
with 4 ≤ p ≤ 6 and
Again we expect such a representation to be able to maintain the positivity ofÂ (2 − ) 1 (u; X 1 ) in the strong-field domain.
IX. SUMMARY AND CONCLUDING REMARKS
We used a synergetic combination of the results of several approximation formalisms (post-Newtonian, analytic black hole perturbation, numerical self-force, effective one-body theory) to improve our analytic knowledge of tidal interactions in binary systems. Our results concern a gravitationally interacting two-body system moving on circular orbits. The main new results of our work are:
• The analytic computation, to linear order in the mass ratio q = m 1 /m 2 and to the 7.5PN accuracy, i.e., up to (v/c) 15 , of several tidal invariant functions J(y), where y = (Gm 2 Ω/c 3 ) 2/3 , namely TrE 2 (k), TrE 3 (k), TrB 2 (k), as well as some octupolar-level invariants discussed in Appendix D.
• The comparison of our analytic results to the recent numerical self-force calculations by Dolan et al. [1] of several invariant functions (in the form of tidal eigenvalues λ 1 (y), λ 2 (y), λ B (y), to first order in q).
• Our work is, to the best of our knowledge, the first where high-accuracy analytical results allow one to inform numerical self-force studies about the presence of probable, hitherto undetected, systematic numerical errors (at a small, but significant level) affecting data points at large radii r ≥ 30Gm 2 /c 2 . Moreover, the high-accuracy analytic formulas we give in Appendix D for several octupolar level invariants might serve as useful test beds of future numerical SF computations of invariants involving three derivatives of the metric.
• We provided an analytic understanding of the light ring asymptotic behavior of tidal eigenvalues found in Ref. [1] .
• We transcribed the analytical and numerical results on tidal invariants in the more dynamically significant knowledge of certain tidal relativistic factorŝ A l ǫ (u; X 1 ) (with X 1 = m 1 /(m 1 + m 2 )) entering the effective one-body description of tidal interactions. This knowledge is encoded both in the 7.5PN accurate expansion of the X 1 −linear piece inÂ l ǫ (u; X 1 ), and in numerical data for this X 1 −linear piece.
• We discussed the analytically expected light ring behaviors for several such 1SF pieces,Â • Our most striking finding is that the X 1 −linear piece ofÂ (2 + )1SF (u) in the quadrupolar-electric relativistic tidal factorÂ 2 + (u; X 1 ) for body 1 has a positive maximum in the weak field domain, and then, after crossing zero, plunges towards rather large negative values in the strong-field domain u 0.12. This unexpected behavior was found both in our 7.5PN-accurate analytical results and in the numerical results of [1] (completed by model #14 in [19] ), and was shown to be related to the analytically expected singular behavior of the functionÂ • We, however, argued that the negative character of the X 1 −linear piece X 1Â (2 + )1SF (u) is more than compensated by a probable fast growth of the X 1 −quadratic piece X 2 1Â (2 + )2SF (u) in the strong-field regime, and we provided plausible parametrizations (and estimates) of the growth. The latter result shows the importance of further improving the analytic knowledge of the relativistic tidal factors. This can be done either by using second-order SF theory, or by extending the 2PN-accurate results of [24] to higher PN accuracies (and to all orders in the mass fraction X 1 ), or, finally, by comparing our analytical representation Eq. (7.33) to full numerical simulations of coalescing binary neutron stars (e.g., using the exponent p as a fitting parameter). All these research avenues should be pursued because they might all contribute to improving our ability at theoretically describing the late dynamics of inspiralling neutron star binaries. (3.8) , where the first-order term δ e 2 (y) is computed in the Regge-Wheeler gauge, by decomposing the perturbed metric in tensor spherical harmonics [47, 48] . Following a standard procedure, outlined and detailed in our previous works [23, [25] [26] [27] , one decomposes δ into even-parity and odd-parity parts. The even-parity part is given by:
where we used the standard Regge-Wheeler notation for the even metric perturbations H 0 , H 1 . . ., and where the coefficients A k = A k (y; l, m) are listed below (using the notation L ≡ l(l + 1))
Similarly, the odd part yields the following expression
One then re-expresses the metric functions H 0 (r), H 1 (r), . . . in terms of suitable radial factors R (even/odd) lmω (r) (for example, h 1 (r) = r 2 /(r − 2m 2 )R (odd) lmω (r), etc.). These auxiliary functions R (even/odd) lmω (r) are chosen so as to be both solutions of the (odd-parity) Regge-Wheeler (RW) equation, with different (distributional) source terms S (even/odd) (r), namely
The solution of the RW equation with source terms is written by using the (retarded) Green's function
with H(x) denoting the Heaviside step function, X (in/up) (r) being solutions of the homogeneous RW equation, and W denoting their (constant) Wronskian
One can then compute the (in general, discontinuous) limit when r → r ± 0 of R (even/odd) and their first derivatives dR (even/odd) /dr.
In this way, we get a new form of δ ±(even/odd) lm , which depends on the (left/right) direction of approach to the particle location r 0 . E.g., in the odd case we have
with
Similar expressions hold for δ
. In the even case we have instead
Similar expressions hold for δ +(even) lm . The functions X (in/up) must be solutions of the homogeneous Regge-Wheeler equation. These can be simple PNtype solutions for l > N ≡ l (max) [the choice of l (max) depending on the PN order accuracy required for the final result] or they can incorporate all radiative and tail corrections [for 2 ≤ l ≤ N ]. The low multipoles l = 0 and l = 1 (even and odd) are computed separately. In this work we use l (max) = N = 5 so that we used PN solutions for l ≥ 6 and radiative-corrected solutions for l = 2, 3, 4, 5 (the latter solutions of the homogeneous Regge-Wheeler equation are obtained by using the technique developed by Mano, Suzuki and Tagasugi (MST), Refs. [49] [50] [51] ).
After summing over m, the sum over l of the regularized values δ e 2 l (y) comprises: i) low multipoles (l = 0 and l = 1), ii) radiatively-exact contributions l = 2 . . . N and iii) (approximate) PN-type contributions (l > N ).
The l = 0 and l = 1 multipoles are obtained by inserting, in the general expression (3.8), the corresponding Zerilli metric solutions (reformulated in a flat gauge) [see, e.g., Eqs. (4.14)-(4.18) of Ref. [23] ]. The l = 0 contribution (jump-regularized but still B-unsubtracted) yields δ (unsub) 0 = −6y 7 (1 − 2y)(1 − y)
so that the final (subtracted) regularized value δ reg 0 = δ (unsub) 0 − B(y; 0) is (in the following we omit the superscript "reg" indicating a regularized value) 
Let us also quote, as an example of radiatively-exact contribution to δ the l = 2 contribution to the regularized value of δ e 2 (i.e., with both the jump and the divergent part removed 
Finally, let us exhibit the result of summing the regularized PN contributions from l = 6 to ∞: S 
We proceed along the lines explained above. Let us only quote the most relevant new features. The singular part of δ l (y) (which needs to be subtracted to regularize δ e 3 (y)) is found to be B(y; l) = L b 0 (y) + b 1 (y) , 
The unsubtracted contributions of the low multipoles l = 0, 1 are 
Similarly, for the odd part we havẽ 
[Note that the above (odd) coefficients (C4) and (C6) do not correspond to the analogous electric coefficients (A2) and (A4).] Re-expressing the metric functions H 0 (r), H 1 (r), . . . in terms of the Regge-Wheeler-Zerilli radial functions R (even/odd) lmω (r), as for the electric-type quantity explained above, we get a new form ofδ ±(even/odd) lm which also depends on the (left/right) direction of approach to the particle location r 0 . We havẽ 
The l = 0 contribution (jump-regularized but still B-unsubtracted by the B-term) results δ (unsub) 0 = −6y 7 (1 − 4y)(y − 1) 
Similarly, in the case l = 1 we findδ
with a corresponding (subtracted) regularized valueδ 1 =δ 
